For a planar simplicial complex ∆ ⊆ R 2 , Alfeld-Schumaker [2] proved that the dimension of the space C r k (∆) of planar splines of smoothness r and degree k on ∆ is given by a polynomial P ∆ (r, k) when k ≥ 3r + 1. Examples due to Morgan-Scott, Tohaneanu, and Yuan show that the equality dim C r k (∆) = P ∆ (r, k) can fail for k ∈ {2r, 2r + 1}. We prove that the equality dim C r k (∆) = P ∆ (r, k) cannot hold in general for k ≤ 22r+7 10 .
Introduction
Let ∆ be a triangulation of a simply connected polygonal domain in R 2 having f 1 interior edges and f 0 interior vertices. A landmark result in approximation theory is the 1990 formula of Alfeld-Schumaker [2] , showing that for k ≥ 3r + 1, the dimension of the vector space C r k (∆) of splines on ∆ having smoothness r and degree at most k is given by a polynomial
where σ = σ i , σ i = j max{(r + 1 + j(1 − n(v i ))), 0}, and n(v i ) is the number of distinct slopes at an interior vertex v i . When the degree k is small compared to the order of smoothness, formula (1.1) can fail to give the correct value for dim C r k (∆): a 1975 example of Morgan-Scott shows it fails for (r, k) = (1, 2), and [22] shows that it can fail for (r, k) = (2, 5). In 1974, Strang [23] conjectured that for (r, k) = (1, 3) the formula holds for a generic triangulation.
In [3] , Billera used homological algebra to prove Strang's conjecture, winning the Fulkerson prize for his work. A number of subsequent papers [4] , [5] , [6] , [11] , [12] , [17] , [18] , [21] , [24] use tools from homological algebra and algebraic geometry to study splines. The translation to algebraic geometry takes the set of splines of all polynomial degrees k, and packages it as a vector bundle C r (∆) on P 2 . The discrepancy between P ∆ (r, k) and the actual dimension in degree k is then captured by the dimension h 1 (C r (∆)(k)) of the first cohomology of C r (∆). In this note, we study dim C r k (∆) for k ≤ 3r. Our main result is
In particular, there exists a simplicial complex ∆ such that dim C r k (∆) > P ∆ (r, k) for all k ≤ 22r+7 10 . The results of Morgan-Scott and Yuan do not preclude the possibility that formula (1.1) holds in general if k ≥ 2r + 2. Our result shows this is impossible: the smallest k for which formula (1.1) yields the correct value for dim C r k (∆) for all ∆ requires that k > 22r+7 10 > 2.2r.
Algebraic preliminaries
Billera's construction in [3] computes the C 1 splines as the top homology module of a certain chain complex. An introduction to homology and chain complexes aimed at an approximation theory audience appears in [15] , so the presentation below is terse. The paper [17] introduces a modification of Billera's construction, allowing a precise splitting of the contributions to dim C r k (∆) into parts depending, respectively, on local and global geometry. Definition 2.1. For a planar simplicial complex ∆, let ∆ i be the set of interior faces of dimension i (all triangles are considered interior). For τ ∈ ∆ 1 , let l τ be a linear form vanishing on τ , and for v ∈ ∆ 0 , let J(v) be the ideal generated by l r+1 τ , with τ ranging over all interior edges containing v. Construct a complex of R = R[x 1 , x 2 , x 3 ] modules as below, with differential ∂ i the usual boundary operator in relative (modulo ∂(∆)) homology.
By construction, H 2 (R/J ) is a graded R-module, consisting of the set of splines of all degrees, and defines the sheaf C r (∆). It is easy to show that Hence H 1 (R/J ) is the quotient of a free module with a generator for each totally interior edge τ by vectors of polynomials of the form (s 1 , . . . , s n ). Note that if two totally interior edges τ 1 , τ 2 with the same slope meet at a vertex, then there is a degree zero syzygy between them, and S will have a column with nonzero constant entries.
Proof of Theorem
Following [22] , we consider the simplicial complex below. By Theorem 2.2, the discrepancy module H 1 (R/J ) has two generators. There are three interior vertices, and we need to quotient by the syzygies at each vertex. Note that each vertex has only three edges with distinct slopes attached, hence we must compute the syzygies on ideals of the form
The key is that this is a local question, so after translating a vertex so it lies at the origin, we have an ideal in two variables (recall that because we homogenized the problem, our points now lie in P 2 , so the linear forms defining edges are homogeneous in three variables). The paper [9] gives a precise description of the syzygies on any ideal generated by powers of linear forms in two variables. In the case of three forms as above there are only two syzygies, in degrees r + 1 2 and r + 1 2 Specializing to the case where r + 1 = 4j, we see that there are two syzygies, both of degree 2j. Next, we note that two of the three vertices are connected to one totally interior edge and two edges which touch the boundary, so writing the six relations (two syzygies on each of the three interior vertices) as a matrix, we see that Proof. An ideal with two generators f, g is a complete intersection exactly when f and g are relatively prime, or equivalently when the unique minimal syzygy on f, g is given by
is an almost complete intersection, which in this simple case means that any two generators, say {l r+1 1 , l r+1 2 } are a complete intersection. An almost complete intersection is directly linked to a Gorenstein ideal. In this case the direct link is l r+1 1 , l r+1 2 : l r+1 3 = s 11 , s 12 . Since a homogeneous Gorenstein ideal in two variables is a complete intersection, the result follows.
We're now ready to put the pieces together. Define φ = s13 s14 s23 s24
.
Then H 1 (R/J ) may be presented as the cokernel of the map
The Hilbert function of a graded module M takes as input an integer t, and gives as output the dimension of the vector space M t . When k ≥ 2r + 2 = 8j the Hilbert function of the modules above takes the values
So the Hilbert function of the target of φ minus the Hilbert function of the source of φ is
which has two real roots, the larger at
In particular, when r ≥ 10 the cokernel of φ must be nonzero in degree ≤ 22r+7 10 . For r < 10 a computation checks this also holds. The same argument (and bound) works with a minor modification for r + 1 mod 4 ∈ {1, 2, 3}, and concludes the proof. . So there is very little room to push this computation further.
This result raises two interesting questions. First, is it possible to lower the value of k such that the Alfeld-Schumaker formula holds for all ∆? Second, is it possible to raise the value of k for which the bound does not hold for all ∆? We are at work on these questions.
